Notes for ECE 661: 1-20-2000
TRANSMISSION LINE PARAMETERS - CAPACITANCES AND INDUCTANCES

P. Chowdhuri
Center for Electric Power
Tennessee Technological University
Overhead Lines

The method of images is applied to calculate the capacitances and inductances of an overhead
line which is strung parallel to and above the ground plane, assuming the earth to be a perfect
conductor. This is schematically shown in Fig. 1.
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Fig. 1 Schematic of a two-conductor overhead line.

Figure 1(a) shows the schematic of a two-conductor line above a perfect earth. Fig. 1(b) is
the equivalent circuit of the two-conductor line where the earth is replaced by the images of the two
conductors placed below the earth’s surface at distances equal to the heights (h, h) of the two
respective conductors. The image conductors (1',2') have voltage, current and charge which are equal
in magnitude but opposite in sign to that of the corresponding line conductors (1,2). The charges and
the currents of the image conductors, along with those of the actual conductors (1,2), reproduce the
electric and magnetic fields on the earth’s surface of the actual configuration of Fig. 1(a).



Capacitance to earth of a conductor above earth

If g, (C/m) is the charge on conductor 1, then the electric field, E, at a distance, r, from the
center of conductor 1 can be found by applying Gauss’ law:
!
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wheree, is the permittivity of air. Assuming the center of conductor 1 to be at the origin and
integrating from the earth’s surface, which is at zero potential, to the surface of conductor 1, the
voltage (with respect to earth),V , is found as:
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where 1 is the radius of conductor 1.

Similarly, let the voltage on conductor 1 due to the charge (-q C/m) on the image conductor,
1', be \{;.. Again, invoking Gauss’ law and shifting the origin to the center of the image conductor,
1"
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As 2h >>1, 2h -§=2h,. Adding (2) and (3), the total voltage, V , on conductor 1 is:
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Mutual capacitance between two conductors above earth

Referring to Fig. 1(b), with a charge, g (C/m), on conductor 2, the electric field, E, at a point,
distant r from the center of conductor 2 and along the line 12 is:
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Integrating the electric field between conductors 1 and 2 frgm d, tor:
dip 1y
d,,-r
V., = - % a__ % % ®)
2meE, : r 21e, r,
Similarly, the voltage between conductor 1 and the image conductor 2" is:
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Adding (8) and (9):
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p,, is the potential coefficient between conductors 1 and 2. The mutual capacitance between
conductor 1 and conductor 2 is then:

12 dy, P12 (12)



Self inductance of a single conductor above earth

Referring to Fig. 1(b), it should be observed that each conductor above earth (1 and 2) forms
a closed loop with its image conductor (1' and 2'). The inductance of each loop can be determined
by invoking Ampere’s law. For the circuit 1-1":

I
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where H is the magnetic field surrounding conductor 1 at a radial distance, r, from the center of
conductor 1 due to its own current, | . The magnetic induction (or flux densjty), B £ 1 H , where
U, (4nx107) is the permeability of air. The total magnetic flux enclosed between conductor 1 and
the earth’s surface is:

— = —(n— . (14)

Similarly, shifting the origin to the center of image conductor 1', the magnetic flux from the
earth’s surface to the surface of conductor 1 due to current, -l , flowing in the ioraector 1' is:
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The total magnetic flux, due to currents in conductors 1 and 1', is:
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The self inductance,,L. , being L¢={l,
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Similarly, for conductor 2:
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Mutual inductance between two conductors above earth
Referring to Fig. 1(b), the magnetic flux between conductors 1 and 2, created by current, | ,

in conductor 1 is:
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Similarly, the magnetic flux between the image conductor 1' and conductor 2, due to cyrrent, -l , in
the image conductor 1'is:
I r | d.
¢1’2 _ Ho linL - Ko 1in—22 (20)

27 dy, 27 r

The total magnetic flux between conductor 2 and the earth’s surface, created by currents in conductor
1 and its image conductor 1'is:
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Multiconductor overhead lines

Invoking (4) and (10), the total voltage of each conductor of a two-conductor overhead line
can be written as:

Vi = P+ Py, and V=, + Py, (23)

Extending to an n-conductor system:
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From (28), [q] = [p] '[V] = [CI[V], where [C] = [p]". (30)



Expanding (30):

g, = C V,+CV,+..+C\V +..+C V., (31)
g, = GV, +C NV, +..+ CV +..+C V., (32)
dr =C,V,+CV,+..x CV +..+CV, (33)
q, = C,V,;+CVy+t C V, +.tC V. (34)

The diagonal terms, C of the matrix [C] are called the coefficients of capacitance, and the
off-diagonal terms, C , are called the coefficients of induction.

A three-conductor system above earth with its equivalent capacitive network is shown in Fig.
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Fig. 2 Multiconductor system with capacitive coupling above earth.

If the voltages and charges (C/m) of the three-conductor system above earth, shown in Fig.
2,areV,\V\,Vf,andg ,g ,g ,then extending to a general n-conductor system, the conductor
charges are:



0 = CigVi+ GV -V +Cg(Vi-Vy), (35)

0, = C (V- V) + GV, + Gy o(V,-Vy), (36)
O3 = C5(V;-Vy) + Gy (V- + CoVs (37)

Rearranging (35)-(37):

9 = (Cgt G+ C gV -CV,-C Vs, (38)
0, = ~C V+(CygtCy,+C )V, - G, 5V, (39)
O3 = ~C; 5V~ CyV, +(CyytCy53+C,y Vs (40)

Equations (38) to (40) will be the same as (31) to (34) by putting:

Cp=CigtCi+Cy g ; Cpp=Cyy+C,+C, 5 5 Gy =Gy +C 3 +G5 5 and
Co=-C, C3=-C5; G3=-C5;.

Bearinginmindthat G , & , & ......& . are the real capacitances of the conductors to ground and
C., G 3, G;,...(;, are mutual capacitances between conductors, these capacitances can be
determined once the capacitance matrix, [CT%[p] , is known:

n
Crg - Z Crs , and Q—s: _Crs' (41)

s=1

Simply put, the capacitance of the r-th conductor to ground is the sum of all the elements of the r-th
row or the r-th column of the capacitance matrix.



Underground Cables

The cross-section of a coaxial cable is shown in Fig. 3 where the inner conductor, of outer
radius a, is separated from the outer conductor, of inner radius b, by a dielectric material of dielectric
constant, k.
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Fig. 3 Cross-section of a coaxial cable.

Capacitance

If the charge of the inner conductor is q (C/m), then the electric field at a radial distance r
from the center of the cable is, by invoking Gauss’ law:

q
E = ,
Zneokr (42)
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Inductance

If the inner conductor carries a current, |, then applying Ampere’s law, the magnetic field at
a distance r from the center of the inner conductor is:

H=_—, (45)

The magnetic flux enclosed in the space between the two conductors is:
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